This paper investigates the exact solutions for the thin film flow of PTT fluid having zero solvent viscosity, in two cases: (i) down an inclined plane and (ii) on a vertically moving belt. The problems are solved taking into consideration both the linear and exponential PTT models. Expressions for important physical quantities such as velocity, volume flow rate and average velocity are also reported.
Introduction
The Navier-Stokes equations governing the motion of viscous fluids are nonlinear. As such, their exact solutions are rare or non-existent. The nonlinearity in these equations arises due to the presence of convective terms and, in case of non-Newtonian fluids, due to the use of constitutive equations.
Because of the great variety in physical structure of non-Newtonian fluids it is not possible to describe their mechanical behavior by a single constitutive equation. For this reason, a great variety of constitutive equations have been proposed [1] . Among many, the constitutive equation proposed by Phan-Thein Tanner (PTT) [2] has been the subject of increasingly extensive study in recent years. Oliveira and Pinho [3] studied the problem of fully developed channel and pipe flows of PTT fluids and obtained analytical expression for velocity fields and stress components in both geometries. The corresponding heat transfer problem of fully developed pipe and channel flows of such fluids was also investigated by Pinho and Oliveira [4] . Some other studies regarding PTT fluid have been carried out in [5] and [6] . Letelier and Siginer [7] studied the problem of fully developed pipe flow of a class of nonlinear viscoelastic fluids which includes PTT and Johnson-Segalman models as special cases.
In many industrial processes, efficient heating and cooling can be achieved by allowing the fluid to flow in a thin film along a solid surface kept at a constant temperature. The problem of thin film flow of a power law fluid down an inclined plane has been presented in [1] . The problem of thin film flow on a vertically moving belt has been studied for non-Newtonian fluids in [8] , in which approximate analytical solutions to the problem have been obtained. In [9] , the problem of thin film flow of PTT fluid on a vertically moving belt has been solved, though for linear model only.
In the present paper, we study the problems of a thin film of PTT fluid down an inclined plane, and on a vertically moving belt. Both the problems are solved for linear PTT model as well as exponential PTT model. The film flow analyzed here is without surface tension and is driven by gravity. Exact analytical solutions of the resulting dynamical equations subject to appropriate boundary conditions are obtained. Expression for some useful physical quantities like velocity profile, flow rate, and stress components are derived. Further, the linear models of both the problems under consideration are compared with the Rabinowitsch model. The conditions under which the Rabinowitsch model and linear PTT model yield same results are also discussed.
Basic Equations
The basic equations governing the flow of an incompressible fluid, neglecting thermal effects are
where ρ is the constant density, u the velocity vector, p the indeterminate part of the pressure, τ the extra stress and where D/Dt denotes the material time derivative. The general form of the constitutive equation for Phan-Thien Tanner (PTT) fluid is given by
where D is the deformation rate tensor defined as:
and η is a constant viscosity coefficient. The upper-convected derivative denoted byτ is defined asτ
The two forms of the function f in the PTT model are the linearized and the exponential forms and are respectively given by
where ε is a parameter related to the elongational behavior of the model. In the absence of ε, the model (3) reduces to the well known upper convected Maxwell model.
Thin Film Flow down an Inclined Plane

Problem Formulation and its Solution
Consider a thin film having thickness δ of an incompressible PTT fluid flowing down an inclined plane whose angle of inclination is θ as shown in the figure 1. Ignoring surface tension, the flow is driven through the action of gravity alone and the ambient air is assumed to be stationary.
Figure 1
We choose the rectangular coordinate system having the x-axis along the inclined plane and y-axis normal to it, so that y = 0 is the plane surface and y = δ the film surface. Under the steady flow conditions, we assume u = (u(y), 0, 0) ,
The corresponding boundary conditions are τ xy = 0 at y = δ, (no shearing at free surface) (9a)
The continuity equation (1) is satisfied identically. The corresponding non-zero momentum equation is
Equation (10), after integration, yields
where c is a constant of integration. Using (9a) in (11), we obtain
Consequently, (11) becomes
Inserting equations (7), (8) in (3)- (6), we obtain the following non-zero components of the constitutive equation (3):
where
Following [3] , we conclude from (14b) that
so that (15) becomes
In view of equations (16) and (17), equations (14a) and (14c) become
From the last equations we obtain
so that equation (18b) becomes
Substituting τ xy from (13) in (20), we get
which can be written as
The boundary condition associated with this problem is the equation (9b) of the no slip condition.
Linear PTT Model
For the linear PTT model with i = 1, (6a) gives
which, in view of (17), becomes
Substituting (23) in (22), we get the governing equation restricted to the PTT linear model
which, after integration, yields a general solution
where c 2 is an arbitrary constant. By invoking the no slip condition (9b), we find that
Using (26) in (25), we arrive at the particular solution in terms of the velocity field
For universal use, we introduce the dimensionless variables
and obtain some useful dimensionless quantities. In (28), U 0 represents the characteristic velocity.
Using (28) in (27) and dropping the asterisks, the non-dimensional velocity profile is
Letting λ → 0, we obtain
and recover the result for Newtonian fluid, representing a semi-parabolic velocity profile.
Another quantity of practical importance is the volume flow rate per unit width Q given by
where W is the film width on the plane. When equation (29) is substituted in (32), we obtain
This last relation can also be used to determine the thickness of the inclined plane (since F involves δ) once the flow rate per unit width is known. Further, the average velocityū (y) over the cross section of the film is calculated as
As a special case of (29), if the film is taken to be horizontal then sin θ = 0 and equation (29) 
In this case, equation (33) yields
The vorticity w of the flow obtained from (29) is given by
This last result shows that the vorticity is zero at the free surface, y = 1, whereas at the plane surface, y = 0, it is − F sin θ + 2ελ 2 F 3 sin 3 θ and tends to diffuse away to zero toward the free surface while generated constantly at the plane surface. When λ → 0, we recover the vorticity for Newtonian case, namely, w = F (y − 1) sin θ.
Coming to the stresses, we note that the shear stress τ xy , given by (13), is identical to that of Newtonian fluid. The normal stress τ xx is obtained by combining the equation (13) with constitutive relation (19). Thus, in dimensional form
which is identical to that for Maxwell viscoelastic model.
In non-dimensional form, (39) becomes
It should be noted that the normal stress component vanishes at the free surface while its magnitude is maximum 2λF 2 sin 2 θ at the plane surface.
From equation (13), we find that the shear stress component in dimensionless form is
which is maximum (F sin θ) at the plane surface, but vanishes at the free surface of the thin film.
Force to Hold the Plane in Position:
The force F per unit width to hold the plane in position is determined by the formula
where L is the length of the inclined plane. From (41) and (42) we get
The last result can also be used to determine the length L of the inclined plane, once the force per unit width is known.
Exponential PTT Model
The exponential model with i = 2 in (6b) is given by
which, in view of (17), (6b) is rewritten as
When equation (44) is substituted in equation (22) we get the governing equation restricted to exponential PTT model
which, after integration, yields
where B is an arbitrary constant. By invoking the no-slip condition (9b), we find that
Using (47) in (46) 
As before, we use (28) in equation (48) and drop the asterisks to obtain the non-dimensional form of the velocity profile
We note that the velocity profile for the linear PTT model, given by (36), is a special case of the velocity profile for exponential PTT model given in (49).
The result for the linear model can be deduced using (49) by expanding the series of exponential function up to O (λ 2 ).
Letting λ → 0 in (49), we obtain the velocity profile
which agrees with (31) for the linear PTT model.
For the volume flow rate Q and film thickness δ, we have
where W is the film width. Using (49), we get
where we have used the series form of exp 2ε (F λ sin θ)
The equation (51) provides a relation between flow rate Q and the film thickness δ. One of these quantities can be determined using this relation as long as the other is known. Also, the average velocityū(y) is calculated as
As for linear PTT model, we discuss some special cases resulting from velocity profile (49).
If the film is horizontal, then sin θ = 0 and equation (49) reduces to u (y) = 0 which is same as in case of linear PTT model and shows that no flow occurs.
If the film is vertical, then sin θ = 1, the velocity profile (49) becomes
The volume flow rate for this particular case is
The vorticity of the flow for the general case is given by
We note that the vorticity is zero at the free surface while it is maximum at the surface of the inclined plane. On taking λ → 0, one recovers the vorticity for the Newtonian flow.
We further note that the shear stress (13) is identical to that of Newtonian liquid. The normal stress τ xx and force F to hold the plane in position in this case are the same as those for the linear PTT model.
Graphs and Discussion
The dimensionless expression (29) for velocity of linear PTT fluid model is plotted in figures 2-4. Figure 2 shows the effect of variation of the angle of inclination θ on the velocity profile when the values of dimensionless parameters F , ε and λ are fixed. The graph shows that when θ is increased, velocity increases. Similarly figures 3 and 4 show that when the values of ε and λ are increased respectively, the velocity shows an increasing behavior. In figures 5 and 6, the dimensionless flow rate (33) for the linear PTT fluid model is graphed against ε and λ, respectively. Figure 5 shows a linear increase with ε in the flow rate as expected for various values of λ. Figure 6 shows an increasing behavior of the flow rate with λ for various values of ε.
Figure 5 Figure 6
The dimensionless expression (49) for the velocity of the exponential PTT fluid model is graphed in figures 7-9. Figure 7 shows the effect of the variation of the angle of inclination θ on the velocity profile when keeping dimensionless parameters F , ε and λ fixed. The graph shows an increasing behavior of the velocity as θ is increased. Both figure 8 and figure 9 reveal an increasing effect on the velocity profile with an increase in ε and λ, respectively. The dimensionless flow rate (54) is graphed as a function of ε and λ in figures 10 and 11, respectively. Only the first ten terms of the infinite series appearing in (54) are taken into account for graphing of the solution. Both the graphs show an increasing trend in flow rate with increase in the respective parameters. 
Problem Formulation and Solution
Consider a PTT fluid in a container. A wide moving belt passes through this container. The belt moves vertically upward with constant velocity U 0 as shown in figure 12 . As the belt moves upward and passes through the fluid, it picks up a film of thickness δ. Gravity tends to make the fluid film drain down the belt. We assume that the flow is steady, uniform and laminar.
Figure 12
We choose the x-axis parallel to the fluid in container and normal to the belt, the y-axis upward along the belt and z-axis normal to the xy-plane. As the only velocity component is in the y direction, we take the velocity field of the form
The corresponding boundary conditions are v = U 0 at x = 0, (no slip at the belt) (57a)
(shear stress at the free surface) (57b) Then, the x-component of the momentum equation is
Since the pressure gradient is zero, and τ = τ (x), (58) gives τ xx = c 3 , where c 3 is a constant. The y-component of the momentum equation is
Again, since the pressure gradient is zero, and τ = τ (x), (59) gives,
Solving (60) subject to (57b), we obtain
Now using (64b) into (3)- (5), the non-zero components of the constitutive equation are
From (62a), we have τ xx = 0. Consequently, (62b) reduces to
Since tr (τ ) = τ yy , equation (63) and (62c) take the form
From (64a) and (64b), it follows that
Using (65) into (64a), we have
Linear PTT Model
In view of (6a), (66) yields
which, after using (61), gives
The solution for this model is given in [9] by Siddiqui et al. The solution is
Introducing dimensionless variables
and dropping the asterisks, equation (69) becomes
where F = ρgδ When λ → 0, the velocity profile reduces to that of a Newtonian fluid, given by
However, the dimensionless flow rate Q per unit film width on the belt, in this case is
which is incorrectly calculated in [9] . Since F = ρgδ 2 ηU 0 , we can also determine the film thickness δ for a given flow rate Q, using expression (72).
As before, the average velocityv in this case is
It is also interesting to find the z-component w of the vorticity vector which is given by
We note that vorticity is zero at the free surface while its magnitude is maximum (F + 2ελ 2 F 3 ) at the wall. It tends to diffuse away to zero toward the free surface while it is generated constantly at the wall of the belt. Setting λ = 0, we recover the vorticity for the Newtonian flow.
For the stresses, we note that the normal stress component τ yy , as obtained from (61) and (65), is
which in dimensionless form becomes
We again note that the normal stress component vanishes at the free surface while it magnitude is maximum 2λF 2 at the belt surface.
From (61), it is clear that the dimensionless form of the shear stress component is F (1 − y) which is maximum F at the plane surface but vanishes at the free surface of the thin film.
Belt Speed to Lift the Fluid:
Equation (73) shows that there will be a net upward flow of the fluid ifν > 0 or in other words if
Since F = ρgδ 2 ηU 0 , the result (77) provides a reasonable estimate for the belt speed to lift the viscoelastic fluid.
In the special case λ = 0, the inequality (77) gives
which is the condition for a Newtonian fluid.
Force to Hold the Plane in Position:
Also, the force F per unit width W to hold the belt in position is given by the formula
where H is the length of the belt and W is the width of the belt. Using (79), we obtain
The last expression can also be used to determine the length H of the belt, once the force per unit width is known.
Exponential PTT Model
In view of (6b), (66) yields
which, in conjunction with (61), yields
Integrating (82) with respect to x and using the boundary condition (57a), we obtain
Using the dimensionless variables given by (70) in (83), we obtain
It is interesting to note that as in the previous case, the velocity profile for the linear PTT model, given by (71), can be deduced as a special case of the velocity profile for exponential PTT model given in (84) by expanding the series of exponential function up to O (λ 2 ).
We note that as λ → 0, the velocity field changes to
which is the dimensionless form of velocity profile given in [9] for a Newtonian fluid. In this case, the dimensionless flow rate Q per unit width of the film on the belt is given by
Making use of (84) in (86) and using the series form of the exponential function, we find that
The equation (87) provides a relationship between flow rate and the film thickness. Knowing one quantity, the other can be determined using (87).
The average velocity is given bȳ
The z-component of the vorticity vector in this case is
We note that vorticity is zero at the free surface while it is maximum at the surface of the inclined plane. On taking λ → 0, one recovers the vorticity for the Newtonian flow.
Belt Speed to Lift the Fluid:
An estimate for the belt speed to lift the viscoelastic fluid can be obtained by takingv > 0 in (88), which implies that
In the special case λ → 0, we have F < 3 which is the case for a Newtonian fluid and agrees with the expression (78).
The other quantities like normal stress, shear stress and force to hold the belt in position for the exponential PTT model are the same as those obtained for the linear PTT model.
Graphs and Discussion
The dimensionless velocity field for the linear PTT model expressed in (71) is graphed in figures 13 and 14. In both cases, the fluid particles close to the belt move with velocity of the belt due to the no slip condition, whereas as we move away from the belt the fluid moves downward more freely. Figure 13 shows the graph plotted by keeping values of the dimensionless parameters F and λ fixed, while ε is varied for the three curves. The graph shows that the effect of increase in values of ε allows the fluid to move with more freedom against the velocity of the belt. While moving away from the belt and along the velocity curves, as soon as the critical point (v = 0) of stationary fluid particles is crossed, the magnitude of velocity increases with an increase in ε.
In figure 14 , λ varies while keeping F and ε fixed. This figure shows that the greater value of λ facilitates the free movement of the fluid in the downward direction.
Figure 13 Figure 14
The dimensionless flow rate (72) for the linear PTT model is graphed as a function of ε and λ in figures 15 and 16, respectively. In figure 15 , the flow rate increases linearly in the downward direction for increasing values of λ. An increasing trend of flow rate is also observed in figure 16 , when the values of ε are increased. 
where κ is the material constant and η is the viscosity coefficient. The relationship for the one-dimensional film flow on a vertically moving belt is
In the absence of κ, the model for both problems represents Newtonian fluids. 
between these constants is maintained. The equations (93) and (94) then yield velocity profiles, volume fluxes and average velocities identical to those of PTT fluid.
Conclusion
We have considered the problem of a thin film, a linear model as well as exponential model, of a PTT fluid flowing down an inclined plane and on a vertically moving belt under the influence of gravity. The exact solution of the resulting differential equations governing the fluid flow equation (24) and equation (42), subject to the boundary conditions (9a) and (9b), has been obtained. Similarly, differential equations (68) and (82) have been solved exactly subject to the boundary conditions (57a) and (57b). For both PTT models, the expression for the velocity field, flow rate, average velocity, stress components and the vorticity field have been derived. Several particular cases for various angle inclinations have been discussed. The resulting differential equations arising from linearized PTT fluid model (93) and (94) are compared with the well known Rabinowitsch equation. It turns out that, after suitable adjustment in material constants, both equations become exactly the same.
